This article presents five case studies of Portuguese investigators who create and develop mathematical research schools in various fields of mathematics. The goal is to find indicators that characterize such a researcher. After analyzing the case studies, the common indicators found were: education abroad, creating spaces for advanced training, creation / promotion of research units, masters and doctoral orientation, introduction of research in the area of education and dissemination of their research.
Introduction
Producing new knowledge about how the research is promoted in different fields of mathematics is relevant to mathematics education in graduate education. In Portugal the scientific community usually uses the expression "to do school on…" (fazer escola em …) to refer to the Portuguese scientists who introduced a research area in Portugal and who developed it, in various ways, particularly by mentoring younger researchers in that area (we will translate this as creating and developing a mathematical research school). António Almeida Costa, José Sebastião e Silva, Tiago Oliveira, Graciano Neves de Oliveira and João Pedro da Ponte are five examples of this kind of Portuguese scientists, of the twentieth century, in the mathematical field.
This paper intends to contribute to the understanding of the meaning of the expression "creating and developing a mathematical research school" and also to the research on the history of Portuguese mathematicians. Our research question is: What is common in personal and professional life of these five mathematicians that can be considered relevant to be referred as having create and develop a mathematical research school?
In our research, the case study was the methodological approach that we considered most convenient [3] . Each one of the referred Portuguese mathematicians constitutes one case study. We performed a historical research to collect biographical data about the four Portuguese mathematicians first referred. To collect data about Graciano de Oliveira and João Pedro da Ponte we also used his curriculum vitae and direct contact by e-mail. Then we analyzed the five biographies, looking for common aspects. This paper is organized in three sections. In the first section, we briefly describe the biographies of the five mathematicians. In fact these are essential to the posterior data analysis and discussion in the second section; still we also take the opportunity to reveal the work of these Portuguese mathematicians in regard to foreign scientific community. Finally we present some conclusions and remarks.
Five Portuguese mathematicians that have created and developed mathematical research schools
We dedicate this section to the presentation of five Portuguese researchers that have created and developed research school in Portugal in the field of mathematics. Firstly we talk about António Almeida Costa, who was the great promoter of the study of algebra in our country, then José Sebastião e Silva founder of the school of functional analysis, subsequently José Tiago Oliveira who devoted himself to the study and dissemination of Probability and Statistics, then Graciano de Oliveira "the father" of Linear Algebra and finally João Pedro da Ponte the main founder of the School of Research in Mathematics Education in Portugal. Why these researchers? Anyone who is familiar with the history of mathematics in the twentieth century in Portugal knows that the first four are the most prominent and referenced in relation to this matter. Monitoring the performance of João Pedro da Ponte, much more recent than the other mathematicians, shows that it is his name that stands out in Mathematics Education in Portugal. Furthermore, we chose major fields of Mathematics: Algebra, Functional Analysis, Probability and Statistics, Linear Algebra and Mathematics Education. Some were so special that they were considered as autonomous areas within the mathematical field as is the case of Probability and Statistics and Mathematics Education. [15] . In 1937, he received a scholarship from the Institute for High Culture in order to study theoretical physics specifically quantum mechanics and theory of relativity at the Physikalische Institut in Berlin, where he lived for 22 months. During his stay he studied the Physics courses on Theoretical Electricity and Quantum Mechanics and courses on Theory of Quanta, Application of group theory to quantum theory, Theory of Matrices and Representation Theory in Quantum Mechanics. It was these courses that led to his orientation to the Theory of Representations of Groups and then steered him to Modern Algebra (known as "Modern Algebra" at the time) to which he devoted all his future scientific life [2] . When he returned to Portugal he continued to develop studies on various subjects of Algebra. New results have emerged from these studies that were From there he began to organize a weekly seminar that discussed the subjects that most interested him, displaying and transmitting his passion and enthusiasm for Modern Algebra. Topics such as Group Theory, Ring Theory and Fields Theory, as well as those of Algebraic Topology, Mechanics and Mathematical Physics were addressed in these seminars. "Hypercomplex systems and representations ", the work performed by Almeida Costa was disseminated among the participants of this seminar that Tiago Oliveira, A. Coimbra, F.R. Dias Agudo, F. Veiga de Oliveira, J.J. Dionisio, M. L. Galvão and M. Ramalho, among others, were a part of. Thus began the first school of Portuguese algebraists. With these and other researchers who later joined them, Almeida Costa has conducted several research projects at the Institute of High Culture, the latest being the LM4. The LM4 was the predecessor of the current center of Algebra of the University of Lisbon (CAUL) where António Almeida Costa was, in 1976, one of the proponents and great supporter until his death [4] . Almeida Costa also taught at the Instituto Superior Técnico.
António Almeida Costa
The researcher was one of the first people to get involved in the orientation of doctorates in Algebra in Portugal. The research projects that he led at the Institute of High Culture had the intention to further study and research in Group Theory and Ring Theory as well as generalizations thereof. It was the major drive for the study of Theory of Semigroups and Theory of Semi-rings in Portugal 
José Sebastião e Silva
José Sebastião e Silva was born on December 12, 1914 He was the director at the Center for Mathematical Studies in Lisbon for more than 20 years, contributing in this way in the training of many researchers and teachers.
As chairman of the Commission for Modernization of Teaching Mathematics at Portuguese high schools he was responsible for updating and streamlining the teaching of mathematics in our country [5] [9] .
Although he has done some work in the field of Algebra, Logic and Topology he focused on Analysis. During his stay in Italy he specialized in Functional Analysis, publishing several papers. By means of one of his studies, the one with the most international impact "Sur certified spazi localment convessi importanti pur le applicazionithat" in Rendiconti di Matematica dell Università di Roma (1955), he introduces a new category of locally convex spaces that became known as "Silva spaces". The results revealed in his work originated several mathematical studies including by G. Köthe, A. Grothendieck, C. Silva Dias, Tillmann and Van Hove [5] [9] . We can say that his research focused on various branches of functional analysis, analytical functional theory of locally convex spaces, theory of distributions and symbolic calculus. These studies were the basis of several lines of research that had followers abroad, particularly in France, USA, Britain, Japan, Italy, Belgium, Brazil, Argentina, West Germany and the USSR. His discovery of the axiomatic theory of distributions (scalar) was considered the first complete in the history of mathematics and very important in the development of many original works of other researchers. Due to all of this it is believed that the researcher has created and developed a research school in functional analysis both in Portugal and abroad [5] [9] . A reliable source for the study of the works of Sebastião e Silva is the "Works of José Sebastião e Silva," three volumes 1982-1985 INIC Lisbon.
José Tiago da Fonseca Oliveira
Tiago Oliveira was born on December 22, 1928 in Lourenço Marques in Mozambique and died on June 23, 1992 in Portugal. In 1945 he finished his complementary course of the secondary schools with a score of 19 values (on a scale of 0-20) and was considered the best high school student and that was awarded the Müller prize. This award consisted of a scholarship to study in mainland Portugal. Initially his desire was to study naval engineering however buying a book on statistics, while traveling to Portugal, on a stopover in Lobito, Angola, influenced his choice of this field of study and research [11] [16] [17] . The year 1992 was a year of great scientific importance to Tiago Oliveira, as he would become the first director of the Institute for Advanced Studies created the in the Academy of Sciences [16] .
Tiago Oliveira published his first scientific paper in the Annals of the Faculty of Sciences of Oporto entitled "On the Problem of Statistical Estimation." It was the beginning of an intense activity in terms of research, teaching and publications which turned him into an indisputable figure in Portuguese science of the twentieth century. Even though his initial research had been in Algebra, it was in Statistics that he stood out; he is currently a national and international reference in the field of Statistics and Probability [16] .
Most of his work was done in non-parametric statistics in the area and statistical inference, however was in statistics and stochastic processes of extremes, that he would create and develop a research school having been a key driver of national development in that international study area [11] [16] . For all his labor Tiago Oliveira was considered the founder of the "School of Statistics of Extremes" in Lisbon [16] .
Graciano de Oliveira Neves
Graciano de Oliveira was born on May 7, 1938 in Cabanas de Viriato and attended high school in Aveiro, Lisbon, Sá da Bandeira (Angola) and Coimbra. In values (on a scale of 0-20) [10] .
Between 1966 and 1968 he was granted a scholarship at Oxford [10] . During these years the researcher deepened his interest in matrices, sparked in Portugal by his mentor Luis de Albuquerque. In Sheffield he came across articles by Leon Mirsky, more specifically with the "Inequalities and existence theorems in the theory of matrices" article, which marked the beginning of their research in this area [14] . In 1969 he obtained his doctorate in pure mathematics at the University of Coimbra with the thesis "On Stochastic and Doubly Stochastic Matrices" and assigned a score of 18 (on a scale of 0-20). [10] This research was pioneer in Portugal; nowadays it is studied by researchers in several countries [14] .
From 1961 to 1969 he was a lecturer at the University of Coimbra and the University of General Studies College of Mozambique (now University Eduardo Mondlane). It was in the University of Mozambique, in 1966, that he indicated to
José Vitoria a problem on arrays which allowed this researcher to develop his extensive work on Pairwise Commuting Block-Matrices. In 1971 Graciano de Oliveira was a professor at the Federal University of Pernambuco, in Recife, Brazil. That same year he taught a course in graduate school at the Federal University of Rio de Janeiro [10] .
In the academic year of 1971/72 Graciano de Oliveira was awarded a grant from the Calouste Gulbenkian Foundation to work on generalized functions of matrices [10] . That same year he gave a series of lectures on Multilinear Algebra, marking the beginning of research in this area in Portugal. His students who were interested in the subject attended these conferences, such as José Dias da Silva and Eduardo Marques de Sá. These conferences gave birth to the article "On the eigenvalues of the matrix A + XBX-1", one of the first in this area of research [14] . From 1972 and 1976 Graciano de Oliveira was supervisor of a research group in Linear Algebra at the Institute of Physics and Mathematics [10] . The investigator went back to teaching in 1976 at the University of Coimbra. At this university, he presented seminars in order to attract new researchers to form a research group in the field of linear algebra. He invited several renowned foreign algebraists to visit the University of Coimbra and talk about their research [14] .
In 1978 he took aggregation exams at the University of Coimbra [14] . From 1978 to 1986 Graciano de Oliveira was scientific supervisor of the line of Linear Algebra and Applications of the Centre of Mathematics, University of Coimbra [10] . He was a member of the organizing committee of the international conference of Linear Algebra and Applications held in Coimbra in 1982 [10] . In 1983 a meeting of Linear Algebra was held, in Spain, which led to an increase in contacts between linear algebraists of the Basque Country and in Portugal [14] was performed.
The problems that Graciano de Oliveira proposed over the years continue to be studied by Portuguese and foreign researchers. Some of these problems are still unanswered [14] .
In 1982 the researcher created the first master's degree in Linear Algebra at the College of Coimbra. Graciano de Oliveira mentored many doctoral students, many of whom are professors of Higher Education. In 1985 he guided the Basque Zaballa. In turn this led to his investigation in Spain, creating followers in the Basque Country and in Barcelona. So there is continuity in the subject line of research both in Portugal and abroad.
According to Mathematical Reviews Graciano de Oliveira is the author of 49 research articles. He was editor / publisher of Portugaliae Mathematica, the Gazette of Mathematics and member of the editorial board of the journal Linear Algebra and its Applications. He was referee for Mathematical Reviews and Zentralblatt. He was president of the Portuguese Mathematical Society, vice president of the International Linear Algebra Society and dean of the Faculty of Science and Technology, University of Macau [8] .
João Pedro Mendes da Ponte
João Pedro da Ponte was born June 28, 1953 and concluded his secondary school education in 1970 at Passos Manuel High School in Lisbon. In 1979 he graduated in Mathematics, with a score of 17 (on a scale of 0-20) in the Faculty of Science, University of Lisbon. In 1984 he completed his PhD degree of "Doctor of Education" with a score of 4 (on a scale of 0-4) at Graduate School of the University of Georgia, Athens, Georgia, United States. In 1995 he received the title of Aggregate in Education at the University of Lisbon [12] .
In addition to joining the Faculty of Sciences and Institute of Education, University of Lisbon, he collaborated with other institutions, both national and foreign. He contributed to the development and expansion of the area of mathematics education teaching several times in Brazil and Spain, intensive courses in masters and doctoral programs in mathematics education on the training and professional development of teachers [12] [13] . In Portugal, he collaborated on an institutional level with the University of Coimbra, University of Aveiro and Oporto University on masters' courses in Mathematics Education, respectively, a module on Problem Solving, the subject of Education Assessment on Mathematics and the subject Math Education [12] .
He coordinated and continues to coordinate and participate in various research projects, curriculum development and evaluation. He is an editor, member of editorial boards, scientific reviewer and contributor to scientific journals and thematic collections in which the main theme is dedicated to mathematics education [12] . In addition, from 1991 to 1995 he was the Regional Representative for the Portugal International Group for the Psychology of Mathematics Education (PME); from 1996 to 1997 he was part of a Working Over the years, João Pedro da Ponte, was and still is advisor to many masters and doctoral students in mathematics education Portuguese and foreign [12] .
The investigator worked for several years in partnership with the Ministry of Education and Science of Portugal. He was the coordinator of the team that prepared the Mathematics Program of Basic Education, approved in December 2007 [12] .
Taking into account all his projects and activities as a teacher, mentor and researcher, it is safe to say that João Pedro da Ponte was the major initiator of the first school in Mathematics Education in Portugal.
Analysis and discussion of data
In this section we present the common indicators identified in the analysis of the five case studies that are relevant aspects to the creation and development of a research school: introduction, development and training of students in a particular line of research. Following the reference of each indicator, we discuss its relevance to create and develop school according to the researcher. i) Training abroad. In four of the five cases we found that the "investigator father" after graduating from a Portuguese university was to continue his studies abroad. Almeida Costa in Berlin, Sebastião e Silva in Rome, Graciano de Oliveira at Oxford and João Pedro da Ponte in the United States. Tiago Oliveira was a direct disciple of Almeida Costa (in Portugal). However, he later followed a different course, turning to the study of Probability and Statistics. Thus, in general, the researchers went to foreign universities seeking a specialization in an area that did not exist in Portugal.
ii) Creating opportunities for advanced training. After returning to Portugal investigators have continued to develop their studies on topics that they had started during their stay abroad and began to organize weekly seminars where they would present and transmit these issues. We believe that in doing so, they published their work and captivated the participants to study those issues, thereby recruiting young researchers. They worked together with the "investigator father" in order to contribute to the progress of the subject.
iii) Creation / promotion of research units. All researchers were careful enough to engage in the creation and / or foster organizations that promoted research in their area of expertise. It is clear (in section 2) the positions and bodies that our case studies occupied, directed and/or created. iv) Supervision of Masters and PhDs. All researchers guided various masters and / or doctoral students, these doctors who in turn guided others in the same line of research. Thus raising a network of new researchers, extending the number of people interested in the topic, presenting new results and advances in research. v) Introduction of research in the area of education. All researchers were concerned to enter their area of expertise in teaching, at adequate levels of schooling. The investigator Almeida Costa endeavored quite vigorously so that the subject of algebra was inserted in the syllabus of the first year of a degree in Mathematics. Sebastião e Silva participated actively on the reformulation of the degree in Mathematics. He wanted a new manner of the teaching analysis. Tiago Oliveira argued that the teaching of statistics should start at high schools. Graciano de Oliveira has created a Masters in Linear Algebra at the College of
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Coimbra. João Pedro da Ponte valued mathematics education in primary and secondary education, in particular in the respective official math programs.
vi) Dissemination of their research. Besides teaching in Portugal, the five researchers also attended a few semesters at universities abroad. This allowed disseminating their work, both as teachers and students, in Portugal as well as in other countries. In regard to publications all five have a wide range in national and international journals. Thus, other researchers have provided the knowledge about the investigations that were carried out, learning from the results, working on them so that there were new breakthroughs. Even with regard to the dissemination of their work, they all cared to present lectures both in Portugal and abroad. These lectures enable them to present their studies to the scientific community, question their interest and reveal their potential. This is another way to extend the connoisseurs of the subject and recruit new researchers in order to increase the interest in this line of research.
Conclusion and Final remarks
In conclusion, we can state that after analysis and discussion of the five case studies we found some common indicators that favor "creating and developing school", in other words, a new line of research. Namely: education abroad, creating spaces for advanced training, creation / promotion of research units, masters and doctoral orientation, introduction of research in the area of education, dissemination of their research (through teaching at foreign universities, publications and conferences). We found that the researchers after graduation continued their studies abroad. Upon their arrival at the end of postgraduate the researchers revealed intense scientific activity in terms of publications, seminars and conferences thereby making their original work known to the Portuguese academic community, allowing them to recruit researchers to work in the same area. They subsequently introduced their research topics in education, in other words, subjects introduced in the curricula of undergraduate degrees in Mathematics and postgraduates. All were mentors of masters and / or PhD and taught classes abroad creating a succession of disciples and followers interested in that area of research. Knowledge of these indicators contributes to the progress of training researchers, since it gives guidance on relevant aspects, is effective, and is taken into account when seeking to stimulate research on a particular route.
In the case of peripheral countries, despite the ease and speed of dissemination of scientific knowledge, it still appears relevant to postgraduate studies in foreign institutions of reference, especially on topics of frontier research. And from there... the process of "creating and developing research school" can be repeated, covering the indicators identified, if those researchers return to their country of origin.
